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Extra Practice Problems 3

Here's one last set of practice problems. We'll release solutions on Wednesday.

Problem One: Binary Relations
In Problem Set Four, you explored various properties of binary relations (reflexivity, symmetry, an-
tisymmetry, and transitivity). This question introduces a property of binary relations and asks you to
explore how this definition interacts with the other definitions we've seen this quarter.

Let's begin with a new definition. A binary relation R over a set A is called a Euclidean relation if
for all x, y, z ∈ A, if xRy and xRz, then yRz. For example, the ≡k relation is Euclidean over ℤ, but the
≤ relation over ℕ is not.

i. Let R be an arbitrary binary relation over some set A. Prove that R is an equivalence relation
if and only if it is reflexive and Euclidean.

Here's two unrelated questions about relations:

ii. Prove that a binary relation is a total order if and only if it is total, antisymmetric, and transi-
tive.

iii. How many different equivalence relations are there over the set {a, b, c}?

Problem Two: Cardinality
We have a good intuitive feel for what it means for a set to be finite or infinite – an infinite set con-
tains infinitely many elements, and a finite set contains only finitely many.

When set theory was first being developed, mathematicians wanted to come up with a way of defin-
ing what it means for a set to be infinite that didn't require counting up the number of elements that
the set contained. One mathematician, Richard Dedekind, came up with this definition of what it
means for a set to be infinite, which is now called Dedekind-infiniteness. Formally speaking, we use
this definition:

A set S is called Dedekind-infinite if there is at least one injection f : S → S that isn't a bijection.

i. Under this definition, is ℕ a Dedekind-infinite set? If so, prove it. If not, prove why not.

ii. Is [0, 1] Dedekind-infinite? If so, prove it. If not, prove why not.
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Problem Three: Regular Languages
For each of the following, prove that the language is regular.

i. Let Σ = {a, b}. Prove that the language Σ* is regular.

ii. Let Σ = {a, b, c}. Let L = { w ∈ Σ* | any b's in w appear after the first c in w }. Prove that L
is a regular language.

iii. Let Σ = {a, b, c}. Let L = { w ∈ Σ* | every character in Σ appears at least once }. Prove that
L is a regular language.

Problem Four: Nonregular Languages
Let Σ = { (, ) }. Let L = { w ∈ Σ* | w is a prefix of a string of balanced parentheses }. For example,
since the string ((()())) is a string of balanced parentheses, we see that ε ∈ L, ( ∈ L, (( ∈ L,
((( ∈ L, ((() ∈ L, ((()( ∈ L, etc. Note that since any string is a prefix of itself, any string of
balanced parenthees belongs to L. However, (())) ∉ L, ((()))()) ∉ L, and ) ∉ L.

i. Prove that L is not a regular language.

ii. Prove that L is a context-free language.

Problem Five: The Pigeonhole Principle
Suppose that you color every point in the real plane one of four colors (say, red, green, blue, and yel-
low). Prove that no matter how you color the plane, there will always be a trapezoid whose corners
are all the same color. (Recall that a trapezoid is a quadrilateral with at least two parallel sides.) For
example, all of the following figures are trapezoids:

(Hint: Try placing a specially-constructed object – say, a grid of dots – into the real plane such that
no matter how that object is colored, the object always contains a trapezoid whose corners are the
same color.)


